I present a systematic study of all possible four leptons final states from γγ collisions. It is given a detailed account of fermion masses effects which are sizable since several collinear and t channel enancements occur. The effects of angular cuts on the final charged leptons are also discussed. To perform the computation I have used the recently developed ALPHA algorithm (and the resulting code) for the automatic computation of scattering amplitudes.
Introduction
It appears now technically feasible to operate the future high energy e + e − colliders [1] in the eγ and γγ mode [2] . This last possibility will allow a detailed study of the non abelian nature of the electroweak interactions [3] : triple and quartic gauge boson couplings as well as the coupling of gauge bosons with the higgs particle if it is light enough to be produced.
One of the most important processes to be studied will be W pair production. At high energies, the cross section is dominated by t channel virtual W exchange and becomes nearly constant for a center of mass energy above 400 GeV, with a value of about 90 picobarns. With the aimed luminosity in the range of 10 ÷ 20 inverse femtobarns per year about one millions of W pairs are expected.
Since the W boson decays within the detector the experimental signature for W pair production is via its decay products, mostly four fermions in the final state. In view of the forecasted production rate, to address precision studies it is necessary to compute the rate for the process γγ → 4 f ermions.
In the paper [4] , the process γγ →ν e e − ud has been studied. In this paper I present a systematic study of leptonic four fermion final states at a γγ collider including the effect of fermion masses.
The computation
The amplitude for the processes in tables 2, 4 and 6 is computed using a new technique which, in collaboration with F. Caravaglios [5] , I have recently developed. Exploiting the relation between the one-particle irreducible Green Functions generator Γ and the connected Green Functions generator G we have proposed a simple numerical algorithm to compute tree level scattering amplitudes. We have then implemented the algorithm Table 1 : Input parameters for the electroweak lagrangian. m e , m µ , m τ are the electron muon and tau masses respectively, M W , M Z , Γ W and Γ Z the W and Z bosons masses and widths, θ W is the Weinberg angle and α QED is the electromagnetic coupling constant. Tree level relationships among the parameters of the standard model electroweak lagrangian are assumed. in a FORTRAN code ALPHA which presently uses the standard electroweak lagrangian (QCD is not included yet) and can compute any scattering amplitude in this framework, in a fully automatic way.
The tests we have performed as well as the computations we have done using the ALPHA code are described in the previous papers [4, 5, 6] , it is only worth noticing here that, because of the automatic approach to the calculation, there is no need to check the matrix elements for mistakes and bugs.
The input values, which will be used in the present paper, for particles masses, widths and for the electroweak coupling constants are reported in table 1. The gauge bosons propagator π B is taken as
where p is the gauge boson four momentum, M B and Γ B are the gauge bosons mass and width respectively, and θ(p 2 ) is the Riemann θ function: it is equal to one for positive p 2 and zero otherwise. Although the ALPHA algorithm does not make use of the Feynman graphs technique to compute the scattering matrix elements, it is useful to refer to the Feynman graphs to discuss the main kinematical and dynamical features for the processes under study. The relevant Feynman graphs are given in fig. 1 .
The two 1 diagrams ra and rb probe the non abelian nature of the Electroweak interactions and involve both triple and quartic gauge bosons self couplings. They describe the production and decay of a pair of on/off shell W. From the form of the propagator of the W boson (1) it is clear that most of the contribution, of the diagrams ra and rb to the cross section, occurs for almost on shell W. Because of the t channel virtual W exchange in the diagram ra, for relativistic W, the cross section is strongly peaked for W pairs emitted along the beam direction.
The contribution of the diagram c is more important when the internal gauge boson (W, Z or γ) is almost on shell and, for light fermions, when one of the external charged fermions is emitted collinear to the beam direction. In this case, in fact, one of the internal fermions is nearly on shell and this leads to a logarithmic enancement of the cross section.
The diagram ct has the same 'singularities' 2 which have been discussed for the c diagram and has an additional t channel 'singularity' when the decaying W boson is emitted collinear to the beam.
The diagram cc exhibits a double collinear 'singularity' as well as a t channel virtual gauge boson exchange with the consequent enancement.
Finally the cf diagram has both a doubly collinear 'singularity' as well as the enancement due to the production of an almost on shell gauge boson.
Due to the large variety of peaking behaviors of the matrix element, to perform the numerical integration over the phase space variables, one needs to increase the sampling in the relevant phase space regions. To this purpose I have used the package VEGAS [7] and all the reported results are obtained with at least twenty VEGAS estimates of the integral with a χ 2 smaller than two. To properly describe the most important phase space regions it has been necessary to split the integration domain into three different regions and to use a suitable set of phase space variables in each of these regions.
The performances of the ALPHA code as an event generator for γγ processes are discussed in [4] and will not be repeated here.
The results
I will discuss separately the processes which do involve virtual W exchange and which I will call CC (Charged Current) processes in the following and those which proceed only via neutral gauge bosons exchange which will be referred as NC (Charged Current) processes in the following.
CC processes
This class of processes can be divided in two additional subclasses: the processes CC ee , CC µµ and CC τ τ (see table 2 for the definition of CC jk ) where all the final leptons belongs to the same family and the processes CC eµ , CC eτ and CC µτ . The diagrams ra, rb, c, ct and cc do contribute to all CC processes whereas the diagram cf contributes only to single leptonic flavour final states: in this case the virtual gauge boson is a Z boson decaying into a neutrino pair.
The cross section as a function of various angular cuts is plotted in fig. 2 and a few values for some angular cuts are reported in table 2.
The CC ee , CC µµ and CC τ τ processes differ among each other only for the mass of the final charged leptons. The effect of fermion masses is manifest. The value of the total (without any cuts) cross section is sensitive to fermion masses, in fact the cross section for the CC µµ and CC τ τ processes is lower than that of CC ee process by a factor of about 12% and 17% respectively. The difference is mostly due to the contribution of the diagrams 
CC eµ 300 0.6520 (7) Table 2 : Cross sections for CC processes for center of mass energies of 300, 500 and 1000 GeV. σ(x) is the cross section when the angular cut | cos θ f | < x is applied and θ f is defined as follows: Table 3 : Difference, in femtobarns, among the cross sections for CC ee and CC τ τ processes for a center of mass energy of 500 GeV. E l is the lowest energy of final charged leptons, ∆σ eτ (x) is the difference when the angular cut | cos θ f | < x is applied and θ f is defined as follows: | cos θ f | = Min{| cos θ l + |, | cos θ l − |} where θ l − and θ l + are the the angles of the negatively and positively charged leptons respectively, with the beam direction. σ ee is the cross section for the CC ee process.
c, cc and cf . All these diagrams are divergent, in the limit of massless fermions, when a charged leptons is emitted collinear to the beam. Lepton masses act as a physical cut-off for this collinear logarithmic 'divergence' and all the cross sections receive a contribution proportional to log(m l /E γ ) (m l is the mass of the relevant lepton). As it can be seen from table 2, if an angular cut is imposed, forcing a small acollinearity with respect to the beam direction for the charged fermions, fermion masses become almost unimportant since the angular cut regulates the 'divergence' more efficiently than the lepton masses and the leading contribution of collinearly 'divergent diagrams' becomes, irrespectively of the fermion masses, proportional to log(1 − cos θ c ), θ c being the imposed angular cut. Even after angular cuts are imposed, a small difference remains among CC τ τ and CC µµ , CC ee processes. Althoug, as it can be seen from fig. 2 , the accuracy of the computation is not entirely adequate to discuss such a small effect, it appears that the difference is of the order of a few per mille. From purely kinematical considerations one expects an effect of order one per mille: in fact, if one computes the volume of the phase space for the decay of a W boson into a pair of fermions, there is a correction of m 2 l /(2M 2 W ) (m l being the lepton mass) to the result which is obtained assuming massless fermions and, for the τ lepton, this correction is indeed of order one per mille. In table 3 I report a few values of the difference among the cross sections of CC ee and CC τ τ processes as a function of several angular and energy cuts. Although, as already noticed, the accuracy of the calculation does not allow a definite conclusion, it seems that the effect disappears when charged fermions energies are greater than 5÷10 GeV and it is slightly weaker when the fermions are emitted at larger angles with respect to the beam. Therefore it seems that, unless a cut of order 10 GeV is imposed on the energies of final leptons, one needs to account also for the dynamical effect of the τ mass.
The CC eµ , CC eτ and CC µτ processes differ among each other only for the mass of the final charged leptons. They do not receive contribution from the cf diagram and the c diagram is possible only when the internal gauge boson is a W. The cross section as a function of the angular cut is plotted in fig. 3 Table 4 : Cross sections for NC processes for center of mass energies of 300, 500 and 1000 GeV. Only final states with a neutrino pair. σ(x) is the cross section when the angular cut | cos θ f | < x is applied and θ f is defined as follows: | cos θ f | = Min{| cos θ l + |, | cos θ l − |} where θ l − and θ l + are the the angles of the negatively and positively charged leptons respectively with the beam direction. Energies are in GeV and cross sections in femtobarns.
cut is applied, the Z exchange contribution (diagrams cf and c) is very small as it can also be seen looking at the rate for the NC e process (see table 4 ). The main contribution to the cross section of CC processes comes from W pair production and decay (diagrams ra and rb in fig. 1 ). As already discussed in [4] both the narrow width approximation and the approximation (which will be referred as resonant approximation in the following) based on the subset of doubly resonant diagrams ra and rb are inadequate for precision studies. In fig. 4 I plot the relative difference among the complete calculation for the CC ee process and the resonant approximation: the difference is sizable with any angular cut with the exception of an accidental cancellation at a specific (and energy dependent) value of the angular cut. A few values of the cross section, calculated in the resonant approximation, are reported in table 2. The discrepancy increases with the beam energy and this corroborates the hypothesis that the effect is due to the lack of gauge invariance of the resonant approximation and to the related unitarity violation.
NC processes
Let us first discuss those processes involving a final neutrino pair NC e , NC µ and NC τ . They all proceed via virtual, on/off shell, Z boson exchange (diagrams c and cf ). The cross section is plotted in fig. 5 as a function of the angular cut and a few values are reported in table 4. There is again a significative effect of fermion masses for fermion emission at very small angles with respect to the beam direction and the difference disappears for acollinear fermions. The size of the cross sections for these processes provides an indirect confirmation of the observation made for CC processes for which Z exchange contribution appears to be negligible at the level of accuracy of the present computation.
The production of four charged leptons proceeds via the exchange of virtual on/off (22) 132 (1) 649(2) E l > 6 GeV 3.84(10) 4.45(12) 7.90(22) 9.32 (22) 127 (1) 633(2) E l > 9 GeV 3.68 (10) 4.27(12) 7.59(21) 8.97 (22) 119 (1) 605 (2) Table 5: Cross sections for NC τ τ process for a center of mass energies of 500 GeV. σ(x 1 , x 2 ) is the cross section when the angular cuts | cos θ f | < x 1 | cos θ p | < x 2 are applied and θ f , θ p are defined as follows: | cos θ f | = Min{| cos θ j |} and | cos θ p | = Min{cos θ j,k } where θ j are the the angles of the charged leptons with the beam direction and θ j,k are the angles among each final lepton pairs. shell Z bosons and photons (diagrams c, cf and cc). When no cut is applied on the final leptons the cross section is dominated by the t channel virtual photon exchange of diagram cc. This diagram is singular if the virtual photon become massless and the only cut-off to this 'singularity' is provided by the fermion masses. The expected behavior of the cross section is therefore σ ∼ 1/m Since the detection unavoidably will discard such events in table 6 I report the cross sections for this class of processes imposing the requirement that final leptons are emitted with an angle of at least 2 o with respect to the beam direction and among each other. Althoug this requirements appears extremely mild the effect is manifest: the cross section is drastically reduced since now the cut-off on the internal photons virtuality is much harder. In fig. 6 I plot the cross section for the NC ee process as a function of various angular cuts.
Lepton energies are also relevant and there is a sizable production of low energy leptons. In fact although disfavored because of the small phase space these events are enanced because lepton pairs with low invariant mass and momentum are produced. In table 7 the cross section as a function of several angular and energy cuts is reported for the process NC eµ .
Conclusions
I have used the recently developed ALPHA algorithm (and the resulting code) to perform a systematic study of the processes γγ → 4 leptons which will be relevant at future Table 6 : Cross sections for NC processes for center of mass energies of 300, 500 and 1000 GeV. Only final states with four charged leptons in the final state. σ(x 1 , x 2 ) is the cross section when the angular cuts | cos θ f | < x 1 | cos θ p | < x 2 are applied and θ f , θ p are defined as follows: | cos θ f | = Min{| cos θ j |} and cos θ p = Min{cos θ j,k } where θ j are the the angles of the charged leptons with the beam direction and θ j,k are the angles among each final lepton pairs. colliders when operating in the γγ mode.
For those process which proceed via virtual W exchange (labelled as CC jk in the text and in table 2) the bulk of the cross section is due to the production and decay of a W pair. Another important contribution, at the level of several per cent, arises because of the emission of a collinear fermion and a single W. To perform precision studies the full computation is therefore needed.
When no angular cut is imposed fermion masses act as cut-off of the singularities which occur in correspondence of charged fermions emitted collinear to the beam direction and are therefore relevant. If a moderate angular cut is imposed fermion masses become almost unimportant.
Because of the contribution of t channel virtual W exchange of the diagram ra the total rate is nearly constant for a center of mass energy above 400 GeV. When angular cuts are imposed the usual fall-off with the center of mass energy is observed.
The reactions which proceed only via neutral gauge bosons exchange (labelled NC jk in the text and in tables 4 and 6) present different features according to the charge multiplicity of the final state.
If in the final state there are a neutrino and a charged lepton pairs the bulk of the cross section is due to the c diagram when both of the charged fermions are collinear to the beam a Z boson is emitted and then decay in a neutrino pair. The cross section is always below a few femtobarns with the exception of fermions emitted very close to the beam direction where fermion mass effects are important and the cross sections range from a few to one hundred femtobarns If in the final state there are two pairs of charged fermions the bulk of the contribution comes from the diagram cc, namely the two photon radiates a pair of almost on shell fermions and two of these fermions undergo compton scattering with its characteristic singularity in the forward direction. Since the fermions which scatter have a small virtuality the typical rate of these processes is proportional to 1/m 2 l times logarithmic enancements. Because of the smallness of lepton masses the resulting cross sections are huge and strongly dependent on angular cuts: a relatively mild angular cut is enough to reduce the rate by order of magnitudes.
A final comment is in order here: because of the finite (and running widht of massive gauge bosons in (1) the results I have presented are not gauge invariant. A discussion (incomplete) about this issue can be found in [4] where it is argued that it is likely that this fact is numerically irrelevant (in the Unitary gauge which is used here). This fact has anyway to be confirmed by an explicit computation which must respect gauge invariance as well as account for gauge bosons widths in a satisfactory way. table 2 and the definition of the angle θ f is given in the caption of the same table. σ jj is the cross section for the CC jj process and ∆σ jk = (σ kk − σ jj )/σ jj . Continuos and dashed line refer to the value of ∆σ jk plus and minus one standard deviation respectively. Fig. 3 Cross section for the CC eµ processes as a function of the angular cut θ f . The processes are listed in table 2 and the definition of the angle θ f is given in the caption of the same table. σ eµ is the cross section for the CC jj process and ∆σ = (σ ee −σ eµ )/σ ee . E CM is the total energy in the center of mass. Continuos and dashed line refer to the value of ∆σ plus and minus one standard deviation respectively. Fig. 4 Relative difference among the full calculation and the resonant approximation for the cross section of the CC ee processes as a function of the angular cut θ f . The processes are listed in table 2 and the definition of the angle θ f is given in the caption of the same table. ∆σ = (σ ee − σ resonant )/σ ee . E CM is the total energy in the center of mass. The resonant approximation amounts to consider only the diagrams ra and rb in fig. 1 . Continuos and dashed line refer to the value of ∆σ plus and minus one standard deviation respectively. Fig. 5 Cross section in femtobarns for the NC e process at a center of mass energies of 300, 500 and 1000 GeV as a function of the angular cut θ f . E CM is the center of mass energy and the definition of θ f is given in the caption of table 4. Fig. 6 Cross section in femtobarns for the NC eµ process at a center of mass energy of 500 GeV as a function of the angular cut θ f (θ p ) at fixed values of the angular cut θ p (θ f ). The definitions of θ p and θ f are given in the caption of table 6.
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